
In mathematical quarters, the regular division of the 

plane has been considered theoretically. Does this mean  

that it is an exclusively mathematical question?  

In my opinion, it does not. Mathematicians have opened  

the gate leading to an extensive domain, but they have  

not entered this domain themselves. By their very nature  

they are more interested in the way in which the gate is  

opened than in the garden lying behind it.  

 

                                           M.C. Escher  

                                            Tessellations, 1957



School of the Art Institute of Chicago

Geometry of  

Art and Nature

Frank Timmes 

ftimmes@artic.edu 

flash.uchicago.edu/~fxt/class_pages/class_geom.shtml



Syllabus

1 Sept 03 Basics and Celtic Knots

2 Sept 10 Golden Ratio

3 Sept 17 Fibonacci and Phyllotaxis

4 Sept 24 Regular and Semiregular tilings

5 Oct 01 Irregular tilings

6 Oct 08 Rosette and Frieze groups

7 Oct 15 Wallpaper groups

8 Oct 22 Platonic solids

9 Oct 29 Archimedian solids

10 Nov 05 Non-Euclidean geometries

11 Nov 12 Bubbles

12 Dec 03 Fractals



•members.aol.com/tessellations/index.html 

• www.worldofescher.com/ 

• www18.big.or.jp/~mnaka/home.index.html

Sites of the Week



Class #5

• Irregular tilings 

• Translations, Rotations, Reflections 

• Parquet deformations & Penrose tiles



Irregular tilings

• We’ve gathered that there are only 3 regular and 8 semiregular tessellations. 
What if we use irregular polygons?

• You can probably visualize that any parallelogram will tile the plane.



Triangles

• Will any triangle, not just equilateral triangles, tile the plane?



Quadrilaterals

• Will any quadrilateral, not just 
parallelograms, tile the plane?

• Yes, any quadrilateral tiles the 
plane.



Pentagons

• Last time we figured out that regular pentagons will not tessellate.  
Are there any pentagons that tessellate?

• Yes, here is one called the Cairo 
tiling that is based on equilateral 
pentagons:

• How many pentagons will tile??



• Prior to 1975, it was thought that all tessellating pentagons could be classified into eight 
types. But Richard James found a ninth type that year.

• Martin Gardner wrote about this 
discovery in Scientific American.

Pentagons



Pentagons

• One Gardner fan was Marjorie Rice, a San Diego housewife 
and mother of five, who read her son's Scientific 
American regularly. 

• Within a few months she discovered a tenth type of 
pentagon that tessellates, and within two years she 
found three more new tilings. Bees in clover, Majorie Rice. Type 9 pentagons,  

which contains no two angles that sum to 180º. 

• She thought it would be fun to look for other 
pentagonal examples. 



Pentagons

• The moral to the story?   
Never underestimate your mother! 

• Her most advanced diploma was a 1939 high school degree for 
which she had taken only one general math course, but she 
had lots of formal art training.  

Butterflies, Majorie Rice. Type 13 pentagons,, which has two right-

angled corners and two sides that same length.



• Her friend, Dr. Doris Schattscheider brought Rice’s research to the attention of the 
mathematical community and confirmed that Rice had indeed discovered what 
professionals had been unable to uncover.

Pentagons



• In 1985, a fourteenth type of tessellating pentagon was discovered by  
Rolf Stein, a German graduate student.

• Are all the types of convex pentagons that 
tesselate now known?

• The tessellating pentagon problem remains unsolved.

Pentagons

Majorie Rice, 2001



Transformation

• Geometry is not only the study of figures;  
it is also the study of the movement of figures.

• If you move all the points of a geometric figure 
according to a set of game rules, you create a new 
geometric figure. The new figure is called the image.



Transformation

• If each point of a figure can be paired with 
exactly one point of its image,  
and if each point in the image can be paired with 
one point on the original,  
then the correspondence is called a 
transformation.



Isometry

• A transformation that preserves the size and shape is called an isometry (from the 
Greek for “same measure”).

• Three types of isometries are translation, rotation, and reflection. 
Perhaps more familiar terms for these motions are slide, turn, and flip.



• You’ve been working with translation, 
rotation, and reflecton informally in 
constructing tesselations.

• Take a regular polygon that tessellates.  
Any isometry performed on parts of that regular polygon will tile the plane.

Isometry



Translation

• Symmetry drawing E105,  was 
constructed using only squares and 
the simplest type of isometry, 
translation.

• Do you see the tessellating 
squares?



• Escher worked long and hard to 
perfect each curve in his 
tesselations. 

Translation

• He adjusted each curve until he 
got what he recognized as a 
horse.



• When you are working on your 
own design, keep in mind that 
you may redraw your curves 
many times until you achieve 
the desired effect.

• Consider this tesselation  
using only regular hexagons 
and translation.

Translation



Rotations

• In tessellations using only translations, 
all the figures face the same direction.

• Let’s examine rotations of curves on on 
tessellating hexagons and  equilateral 
triangles.

Symmetry drawing E25, M.C. Escher, 1939

• Do you see the tessellating 
hexagons?



• Each reptile is made by rotating 
three different curves around 
alternating vertices of a regular 
hexagon.

Rotations



• The reptiles were 
perhaps best used in 
his famous lithograph 
titled Reptiles.

• The creatures become 
3D and leave the 2D 
drawing, crawl over 
numerous objects, 
then reenter the flat 
page.

Rotations



• Escher also utilized rotations on an 
equilateral triangle. 

• Do you see the tessellating 
triangles?

Rotations



• Two sides of each equilateral triangle have the same curve, rotated about their 
common point. The third side is a curve with point symmetry.

Rotations



• Simple reflections are not very interesting for tesselations.

• Combining a translation with a reflection gives a two-step isometry called a glide 
reflection, and is a more interesting tool for tessellations.

• A sequence of footsteps is a common example of a glide reflection.

Glide reflections



• We saw in Escher’s translation tessellation of the winged horse Pegasus,  
that all of the figures were facing the same direction.

• In Horseman, Escher used glide reflections on a grid of parallelograms 
to get his figures facing in opposite directions.

Horseman,  

M.C. Escher, 

 1946

Glide reflections



Glide reflections



• In the tessellation of birds, Escher used glide reflection on one part of a  
parallelogram, and straight translation on another part.

Glide reflections



Glide reflections



Irregular tilings

• What polygon is used in this tiling?

• What isometry is used?

Fish and Boats; Symmetry 72 , M.C. Escher, 1948



Irregular tilings

• What polygon is used in this 
tiling?

• What isometry is used?

Butterflies; Symmetry E70 , M.C. Escher, 1948



• Let’s look very briefly at two advanced topics which we won’t have time to cover 
completely: parquet deformations and Penrose tilings.

• Either of these two would make 
good end-of-class projects!

Deformations



Deformations

• A parquet deformation is a 
progression in which one 
tessellation gradually becomes 
another.

Sky and water,  

M.C. Escher, 1938



• At each stage of the parquet 
deformation, the pattern 
constitutes a regular tiling of the 
plane.

Metamorphosis III,  

M.C. Escher, 1967



• One can, of course, violate these two rules and still have a parquet deformation.

Encounter,  

M.C. Escher, 1944

Deformations



• Instead of an implied temporal progression, one can explicitly show the transformations in 
time:

Deformations



Penrose tilings

• The tilings we tend to be most familiar with are periodic, that is, there is a fixed pattern 
that repeats over and over again in a predictable way.

• Quasiperiodic tilings produce patterns that never repeat themselves.  
The most famous tessellation of this type is a Penrose tiling.



Playtime

• You’ll play with irregular tessellations during your in-class construction today. 

Hands,  

M.C. Escher, 1948


