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We’ve previously shown the mean atomic number

A =

∑
niAi∑
ni

=

∑
YiAi∑
Yi

=
1∑
Yi

(1)

and mean charge

Z =

∑
niZi∑
ni

=

∑
YiZi∑
Yi

= A
∑

YiZi (2)

have derivatives
dA
dYi

= −A
2

(3)

and
∂Z
∂Yi

= A (Zi − Z) (4)

respectively. For an arbitrary quantity β that is written in terms of A and Z, the derivative with
respect to Yi is

dβ
dYi

=
∂β

∂Z

∂Z
∂Yi

+
∂β

∂A

∂A
∂Yi

=
∂β

∂Z
A (Zi − Z) −

∂β

∂A
A

2
. (5)

One assumes all partials of β with respect to A and Z are available from the physics is at hand (e.g.,
from an eos).

One simple but relevant example is the specific energy of an ideal gas

e =
3
2

P
ρ

=
3
2

NAkT

A
erg g−1 (6)

has the partial derivative of with respect to Z

∂e

∂Z
= 0 (7)

and the partial derivative of with respect to A

∂e

∂A
= −

3
2

NAkT

A
2 . (8)

Hence by equation (5) the derivative with respect to Yi is

de
dYi

=
∂e

∂Z

∂Z
∂Yi

+
∂e

∂A

∂A
∂Yi

=

[
−

3
2

NAkT

A
2

] [
−A

2
]

=
3
2

NAkT erg g−1 (9)

as expected when recasting equation (6) as

e =
3
2

P
ρB

=
3
2

NAkT
∑

Yi erg g−1 . (10)

Note ∂e/∂Yi is usually known as the chemical potential in the first law of thermodynamics when
composition changes are taken into account.
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Another example is the mean molecular weight

µ =

[
1
µion

+
1
µele

]−1

=

[
1

A
+ Ye

]−1

=

 1

A
+

Z

A

−1

=
A

Z + 1
=

nB∑
ni + ne

. (11)

The partial derivative of µ with respect to Z is

∂µ

∂Z
=

∂

∂Z

 A

Z + 1

 = −
A(

Z + 1
)2 = −

µ

Z + 1
= −

µ2

A
. (12)

The partial derivative of µ with respect to A is

∂µ

∂A
=

∂

∂A

 A

Z + 1

 =
1(

Z + 1
) =

µ

A
(13)

Applying equation (5), the derivative of µ with respect to Yi is

dµ
dYi

=
∂µ

∂Z

∂Z
∂Yi

+
∂µ

∂A

∂A
∂Yi

=

[
−
µ2

A

] [
A(Zi − Z)

]
+

[
µ

A

] [
−A

2
]

= µ2(Z − Zi) − µA (14)

Sometimes the composition is defined in terms of the hydrogen baryon (mass) fraction X, he-
lium baryon (mass)Y, and metal baryon (mass)Z. Bayron number conservation is then expressed
as

X +Y +Z = 1 . (15)

These abundance variables are related to the usual Yi = Xi Ai abundance variables by

X = YH Y = 4YHe Z = AzYZ , (16)

which mostly explains the use of calligraphic font to avoid the same symbols for different quanti-
ties. Applying equation (1)

A =
1

X +Y/4 +Z/Az
=

4Az

AzX + AzY + 4Z
=

4Az

Az + 3AzX + 4Z− AzZ
, (17)

where the last expression eliminated Y using equation (15). Applying equation (2)

Z =
X + 1/2Y + Zz/AzZ

X +Y/4 +Z/Az

= (X + 1/2Y + Zz/AzZ) · A

=
2Az(1 + X −Z) + 4ZzZ

Az + 3AzX + 4Z− AzZ
, (18)
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where again Y was eliminated using equation (15).

Then the first derivatives of A are
∂A
∂X

= −
12A2

z

(Az + 3AzX + 4Z− AzZ)2

∂A
∂Z

=
4A2

z − 16Az

(Az + 3AzX + 4Z− AzZ)2 (19)

The first derivatives of Z are
∂Z
∂X

=
4Az[Az(Z− 1) +Z(2 − 3Zz)]

(Az + 3AzX + 4Z− AzZ)2

∂Z
∂Z

= −
4Az[2 + X(2(Az − 3Zz) − Zz]
(Az + 3AzX + 4Z− AzZ)2 (20)

For an arbitrary quantity β that is written in terms of A and Z, the derivatives with respect to X and
Z are

dβ
dX

=
∂β

∂Z

∂Z
∂X

+
∂β

∂A

∂A
∂X

dβ
dZ

=
∂β

∂Z

∂Z
∂Z

+
∂β

∂A

∂A
∂Z

(21)

Note that equations (17) and (18) can be solved for the either unknown or inconvenient vari-
ables Az and Zz:

Az =
4AZ

4 − A − 3AX − AZ

Zz =
4Z − 2A(1 + X −Z)

4 − A − 3AX − AZ
. (22)

Eliminating Az and Zz from equation (19) gives

∂A
∂X

= −
3A

2

4

∂A
∂Z

=
A (A + 3AX − 4)

4Z
. (23)

Eliminating Az and Zz from equation (20) gives

∂Z
∂X

=
A (2 − 3Z)

4

∂Z
∂Z

=
A [Z + (3Z − 2)X − 2]

4Z
. (24)

Equation (21) still holds.


