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Abstract

In this note we review the system of ordinary differential equations
(ODEs) put forth by Reinicke & Meyer-ter-Vehn [12] for the problem of
self-similar, one-dimensional, compressible hydrodynamics with heat con-
duction. The self-similar case considered by Reinicke & Meyer-ter-Vehn
(hereinafter RMtV) reduces to a set of ODEs, the solution of which can
be used to verify multidimensional radiation-hydrocodes. We consider so-
lutions to these equations for the case of a blast-wave-like problem with
an initial concentrated energy source of sufficient magnitude so that con-
duction dominates hydrodynamics, i.e., so that the thermal front leads a
hydrodynamic shock. We compare solutions of the RMtV equations with
RAGE [1] calculations of the problem examined by Shestakov (17}, and
on another test problem. We find that the hydrocode calculations are
convergent, but to results that differ slightly from the analytic solution.



1 Introduction

In this note we review the system of ordinary differential equations (ODEs)
put forth by Reinicke & Meyer-ter-Vehn [12] for the problem of self-similar,
one-dimensional, compressible hydrodynamics with heat conduction. The self-
similar case considered by Reinicke & Meyer-ter-Vehn (hereinafter RMtV) re-
duces to a set of ODEs, the solution of which can be used to verify multidi-
mensional radiation-hydrocodes. We consider solutions to these equations for
the case of a blast-wave-like problem with an initial concentrated energy source
of sufficient magnitude so that conduction dominates hydrodynamics, with the
thermal front leading a hydrodynamic shock; in later work we shall discuss the
complementary case in which hydrodynamics dominates weak conduction, with
the hydrodynamic shock leading the thermal front. We compare solutions of
the RMtV equations with RAGE [1] calculations of the problem examined by
Shestakov [17], and on another test problem. We find that the hydrocode cal-
culations are convergent, but to results that differ slightly from the analytic
solution.

2 Original RMtV Equations

In reference [12], RMtV consider the set of equations governing one-dimensional,
compressible hydrodynamics with heat conduction. The set of conservation
equations governing this behavior is given in physical space as
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where p is the density, u is the velocity, p is the pressure, e is the specific
internal energy, S = —x 7T is the heat flux, and T is the temperature. The
index m = 1, 2, or 3 is the dimensionality index for one-dimensional planar,
cylindrical, or spherical geometry, respectively. The following two assumptions
are made: (1) the polytropic gas equation of state is assumed, so that

(v-1)e=p/p=0T, (2)

where ~ is the adiabatic exponent (equal to the ratio of specific heats in this
case) and G is the product of the specific heat at constant volume ¢, and the
Griineisen coefficient T'; and (2) the heat conductivity x has the form

X = xop" b where a<0 and b>1. (3)



Furthermore, it is assumed that the flow is evolving into a cold (i.e., T' = 0) gas
with a power-law initial density profile given by

po(r) <™, (4)

where k < 0,
Using Lie group analysis [4, 5, 6, 14, 16], self-similar equations can be de-
duced when using the following variables:

¢ o= r/(CIH%),
UE) = unt)/(ar/t),
GE) = p(r,t)/(9o7"),
o) = GT(r1)/(ar/t)’, ()

where ¢, «, go, and K are constants as yet unspecified. In terms of these
variables, the relations in Eq. 1 are equivalent to the following ODEs (see RMtV
Eq. 9):

U-1-U)(InG) = —(n+r)U,
1-U)U' —©[n(*?Ge)] = U{U-a'),
U — g’_ (1 _ U) [ln (526)], _%@bGa—lg[@b—l)/a]

(In©)" + [In (€20)] {n —2+a[In(¢G)) + (b+1) [In (529)]’}

= p(a”t~1)~nU, (6)

where

o= [2x0 (¢) "/ (01 )| santo). @

In these equations, the derivatives are with respect to Iné, not £; that is,
() =d()/dn, where n = In¢.

To reduce this system to first order, RMtV introduce the following auxiliary
variables (see RMtV Eq. 11):

H(¢) = ¢°G and
W) = —%9 Ho1 6" [In(£20)])', where
o = (2b-1)/a(l—a). (8)

RMtV note (Eqg. 12) that the heat flux S can be expressed in terms of the
variable W as

S(r,t) = “ZW(E) plr, ), ©)



where p(r,t) is the thermodynamic pressure. In terms of these variables, the
following first-order system obtains (see RMtV Eq. 13):

U+U-1)(nH) = oc-(n+re+0)U,
(U-1)U'+0(nH) = U(a'-0)
+0O[(2W/B H* 0% — k0] ,
U+W(nH)+W = (W/BH*10" [u(U—1)+2W]
+p(et=1)—nU—(n+c+o) W,
(n®) = —2[1+ (W/BH*'e%]. (10)

We consider solutions to these equations for the 1-D, spherically symmetric
(n = 3), point-explosion case in which conduction dominates hydrodynamics, so
that the thermal front leads a hydrodynamic shock. One starts the integration
at the heat front (at which, therefore, initial conditions are required), integrates
these equations back to the shock (at which shock jump conditions are to be
applied), and then integrates back to the origin (r = 0). Therefore, initial
conditions at the thermal front must be specified and the shock jump conditions
must be ascertained; we address these topics in the following sections.

2.1 Initial Conditions at the Thermal Front

Analysis shows that the equations (10) have unbounded derivatives at the ther-
mal front. RMtV prescribe the initial conditions at the thermal front, located
at € = £y, in terms of asymptotic expressions given in RMtV Eq. 26, viz.,

U*
—1)/c — —-a -2
In(€' /&) = —Bogl*™V/ ]/0 dy "' (1-y)° ﬁfl(ljryl‘)—;’
aF = (1 _ U*)-l ,
W= fu=(u+1) U2,
o = U*(1-U"). 11)

As we desire the point &* to be close to the thermal front, we define £ with
0 <&« 1sothat £/ =1 —e. As suggested by J. Bolstad [2], a solution
for the value U* corresponding to the specified value £ can be obtained by
interpreting the first equation of Eq. 11 as a nonlinear equation in U™; one
obtains U* as a zero of this equation:

1-2y
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It is a straightforward exercise to solve this problem numerically. Using that
value of U*, the corresponding values of G*, W* and ©* are found from



Eq. 11. From Eq. 8, the asymptotic value of the auxiliary variable H is
H =¢7°G". (13)

These *-values form the initial conditions with which the set of equations (Eq. 10)
is integrated.

2.2 Shock Jump Conditions

The conditions at the isothermal shock, which arises in the conduction-dominated
case, are given in terms of physical variables in RMtV Eq. 30 as

o= Ty,
pi(ur=D) = p2(u2-D) = j,
2 2
pt+l = gl
p1 P
-D? s -Dy? s
61+ﬂ+£ul_l_+_'l = 52_{_3?._{_@&__.)__4__‘2_, (14)
p1 2 J P2 2 J

where D is the shock velocity. In terms of the reduced variables {U, G, W, 6},
the jump conditions are given in RMtV Eq. 31 as

@1 = (")2 = @,

U = 1-1__%_2,
G = [1-12)?/0)] Ga,
v 9W2—{{(1—U2)4—92]/2(1*U2)}’ a5

(1= Up)*

where the 2-subscript denotes pre-shock values and the 1-subscript denotes post-
shock values. From Eq. 8, since & = £y = &, at the shock, we have that

Hi=¢77Gi=[(1-10:)"/6] &7 Go= [1-Th) /O] H,.  (16)
From these equations one can solve for the unique post-shock (1-subscripted)
state in terms of the pre-shock (2-subscripted) state.

3 Integration Procedure

The method used by RMtV to integrate these equations is laid out in section
IV A of their paper. For the conduction-dominated case that we consider in



this note, i.e., in which the heat front outruns the hydrodynamic shock, this
procedure is as follows.

From a specified nondimensional position £ = &; of the heat front, at which
(U,G,W,0) = (0,1,0,0), the integration is begun with a given choice of the
parameter 5. More precisely, as stated in subsection 2.1, one uses the asympo-
totic solution near the heat front (Eq. 11) to obtain a position and solution close
to the front. From these values, BEq. 10 is integrated back (i.e., for decreasing &)
to the position of the shock £ = £, at which the jump conditions of Eq. 15 are
applied. The post-shock values form the initial conditions for the subsequent
solution of Eq. 10, which are integrated to the origin, i.e., as » — 0%, which
corresponds to £ — 0%, or, equivalently, 7 — —oo. In practice, one specifies a
near-origin point &, with 0 < & < &, that is the final point of the integration.

Figure 3 of RMtV depicts nondimensionalized physical variable results for
the 1-D spherical (n = 3) case with the following parameters:

=2, Po=712x10", a=-2, b=65, and y=5/4. (17)
The values of the associated parameters in this case are as follows:

(2b—2a+1)/[2b— (n+2)a+n|=9/13 =0.692,

(2b— 1)/ [a(1 — a)] = 52/9 = 5.777,
—[(@b—1)n+2/(2b— 20 +1) = —19/9 = —2.111,

po= 2/(y—1)=8. (18)

The results given in Fig. 3 of RMtV for this case are nondimensionalized with
computed values of the variables; specifically, the density and velocity are nor-
malized by the immediate post-shock value, the heat flux is normalized by the
immediate pre-shock value, and the temperature is normalized by the value at
the origin. This convention unfortunately admits only qualitative comparison
of computed values with those published results.
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3.1 Evaluation of the Initial Conditions

As stated above, the initial condition for the ODEs is obtained by the asymptotic
initial condition given Eq. 11, the solution of which can be recast, as the solution
of a nonlinear equation, Eq. 12. The FORTRAN routine ZEROIN [19] was used to
solve this equation for a range of values of €, defined as 1 —&*/€;. To evaluate
the integral in function, the FORTRAN routine numerical integration routine
QUANC [7] was used.

Using these values for I(U), the corresponding values of the initial value £*,
n* = Iné*, G*, H*, W*, ©*, and ©'" are compiled in Table 1. In the subsequent
calculations, the initial values corresponding to & = 10712 were used.



€ 10-8 10-10 10-12 10-1
& 1.9999999800 1.0999999998 2.0000000000 2.0000000000
T 6.9314717056 x 10~ | 6.9314718046 x 10~' | 6.9314718056 x 10-¢ | 6.9314718056 x 10—
U* | 1.0525880043 x 10~ | 5.1793506405 x 10-2 | 2.5404086505 x 10~ 7 |  1.2549456465 % 10—
G* | 1.0010536981 1.0005182044 1.0002550059 1.0001255103
H* | 1.8246223070 x 10-2 | 1.8236461573 x 10~ 2 | 1.8231664240 x 10-2 | 1.8229303922 x 10—
W* | 3.9952633495 3.9976692882 3.0088527661 3.0994352745
O | 1.0514810507 x 10-° | 5.1766770638 x 10-2 | 2.5487587020 x 10-% | 1.2547881576 x 10~
0™ | —1.6180901218 x 107 —7.9651501135 x 105 | —3.9215040158 x 107 —1.9320481415 x 10%

Table 1: Numerical evaluation of initial values.

3.2 Integration of the System of ODEs

The integration of Eq. 10 was done by manipulating this coupled system into a
first order system of the form y’' = f(y,n), where y7 = [U, H,W, ©]. This was
done since many numerical ODE packages require the equations to be in this
reduced, first-order form.

To simplify the following expressions, we introduce the following notation:

Q=W/(BoH 0% =3 /(Bovs ™' o) -

The first order system of equations becomes

¥ = loiva—(vy1—1) g2]/4,
v = m(nta-—awn)/A,
Y3 =

yf; = G4Y4,

where the quantity A is given by
A=y~ —-1)7,

and the array g is the RHS of the reduced system (Eq. 10), i.e.,

n = o—-y1(n+a+o),

vi (@t —y) +y 20—£k-0),
Q@ -V+2y] +p (o =1 —ny —(n+K+0)ys,

g2 =
gz =
ga = —2 (1 -+ Q) .

93+ (viya—vys—ya) ;1 + (w1 —ys — 1) g2] /A,

(19)

(20)

(21)

(22)

This system was integrated with the numerical ODE solver packages ODE from
Netlib [18]. There are three important details of the integration that we now

address.




First is the value of the parameter ;. As discussed by RMtV, the value
of By must be chosen so that the integration path does not deviate onto a
sonic line, i.e., the lines U + v/© = 1. As shown by RMtV, the solution must
asymptote to the proper singularity at the origin; specifically, the solution must

satisfy . o ) .
UN_v_z’ H~¢ , and @ ~¢ as & —07. (23)

Indeed, one way to view Eq. 20 is as a nonlinear eigenvalue problem, with G
being the eigenvalue. This situation is analogous to the analysis of the Guderley
problem [8], as discussed, e.g., by Lazarus & Richtmyer [10] and Meyer-ter-Vehn
& Schalk [11]. Although RMtV quote a value of o = 7.12 x 107 in Fig. 3 of
Ref. {12], our calculations indicate that a more accurate value for this parameter
would be 3 = 7.197534x 107 [2]. A rigorous nonlinear eigenvalue analysis would
presumably provide an even more precise value for this parameter. An eflicient
numerical method for this problem is an ongoing research endeavor,

Second, the present calculations were performed with both relative and ab-
solute error tolerances in the ODE package set equal to 4 x 10~11. These values
were found to be the lowest values for which the ODE package would converge
for the entire problem.

Third, due to the singular nature of the equations as ¢ — 0%, an effective
minimum value for ¢ must be specified; this value is related to the value of
Bo specified. In most calculations, we used a minimum £ value of the order
of 1072, One could incorporate more sophisticated algorithms by which more
precise values of these parameter could be determined automatically, using, e.g.,
a successive mesh refinement technique.



4 Results and Comparison with Hydrocode Cal-
culations

The prime interest we have in this problem is its value as a test case for
hydrocode verification. Although one does not require an analytic or quasi-
analytic solution per se, such a solution is useful for hydrocode verification.
Moreover, this case is one of the relatively few such solutions for multi-physics
(e.g., advection-plus-conduction) problems that possess discontinuous solutions
(e.g., shocks). In this section, we examine three different computed results for
the RMtV equations, and, in two cases, quantify the correspondence between
the hydrocode and the RMtV solution.

4.1 Physical Variable Solutions

The above sets of ODEs are for quantities that (1) are related to physical vari-
ables and (2) are defined in terms of the independent similarity variable £ (see
Eq. 5). When solutions of the ODEs are found, they must be “translated” into
physical variable quantities. In this section, we discuss the process for obtaining
a physical solution from a given nondimensional result.

We assume that the key physical constants for the system of interest are
given. Specifically, the values of a, b, n, v, G, and x, are assumed to be known.
We restrict our considerations to exploding solutions and set t = t* > 0, so that
the relation between the dimensional position variable r and the similarity
variable £ is given by

r=(E(t)%, ' (24)

where the parameter « is constrained by the self-similarity of the solution
and is defined in Eq. 18 in terms of the geometry and thermal conductivity
parameters, which are assumed to be prescribed. Two relations constrained by
this equality are those involving the dimensional and similiarity positions of the
shock (subscript-s) and heat front (subscript-f):

re —C& (t)* =0 and ry—(&r (3*)" =0. (25)

Three additional relations involve parameters that must be specified. The
first involves the density p, which can be written from Eq. 5 as

p(r,t) = gor™ G(£), (26)

where the parameter & is, like «, constrained by the self-similarity requirement
and is given in Eq. 18 in terms of the geometry and thermal conductivity pa-
rameters. According to RMtV, one constrains gg so that the value of G at the
heat front is unity, i.e., so that G{&f) = 1. Writing p(rf,t*) = py, we have that

p(’rf:t*) =Py :go’f'?, i~e'a Pr -—go’[‘? =0. (27)



The three adjustable terms in this equality must be specified in a manner con-
sistent with this constraint. Similarly, the parameter [ is related to several
other quantities, all of which must satisfy the constraint (see Eq. 7)

2b~1
Bo = [2 X0 (a Cl/“) /(Qb“gé““)] : (28)
which can be rewritten as an explicit expression for ¢:
1 /1 1/(2b-1)7¢
(= [5 (580908 0 ] . (29)

Lastly, the total energy of the system is given by RMtV (Eq. 35 of Ref. [12]) in
terms of the reduced variables of Egs. 20; the following expression corrects an
error in that published equation [2):

£0 = g0 (¢’ 1(ey), (30)
where

&f
I(gs) =2 /0 dg eI () [UR(E) + pO(E)] - (31)

There is no unique manner by which to assign the required parameters. We
propose two methods, each consisting of different subsets of prescribed and de-
rived parameters, by which to uniquely determine the mapping from a similarity
to a physical solution; these two approaches by no means exhaust all possible
avenues by which to relate similarity and dimensional solutions.

For the first method, we assume that a physical solution of a known total
energy & is given at a specified time t*, and that we must determine the cor-
responding similarity solution. In addition to the energy and time, we assume
that we know the physical shock position 7, and the physical heat front posi-
tion ry. Without loss of generality we set the similarity shock position £, to
be unity, as in RMtV. From Eq. 25 ,the similarity scale factor ¢ is determined
from the shock data; the similarity heat front position £y is thereby derived.
With these two values, a solution of the similarity equations for a unique value
of the eigenvalue By can be found. Additionally, either the density at the heat
front ps or the density scale factor go is to be prescribed, from which the other
is uniquely determined.

For the second method, we prescribe a similarity solution and constrain
the parameters to obtain the corresponding physical solution. Without loss of
generality we again assign the similarity shock position £ to be unity. We assign
the similarity heat front position £ to be a given value, with the constraint
that, for the strong heat conduction case at hand, this value be greater than &,.
With these two values, a solution of the similarity equations for a unique value
of the eigenvalue f, can be obtained. We now prescribe the physical heat front

10



Parameter Description Method 1 | Method 2
t* Simulation Time . o
Ts Physical Shock Position . o
& Similarity Shock Position - . .
rs Physical Heat Front Position . °
& Similarity Heat Front Position o °
¢ Similarity Scale Factor o o
pf Heat Front Density @
go Density Scale Factor ®
Bo | Nonlinear Eigenvalue o .
&o Total Energy . o

Table 2: Parameters required to relate physical variable solution to nondimen-
sional solution. Listed are the parameters, their descriptions, and whether their
values are prescribed (e), derived (o), or either (®) for the two different meth-
ods described in the text. For both methods, one must prescribe either the heat
front density or the density scale factor {but not hoth), from which the other is
derived. '

position ry. As in the previous case, either the density at the heat front p; or
the density scale factor go is to be assigned, from which the other is uniquely
determined. The value of the similarity scale factor ¢ is then determined by
Eq. 29. With this parameter and the similarity solution, the total energy & is
evaluated. Also using ¢ and the heat front location information, the time ¢*
is calculated from Eq. 25. With these values, the physical shock position ry is
obtained.

The various parameters to be assigned are summarized in Table 2. This
table also contains information regarding whether each parameter is prescribed
or derived for each of the two methods described above.

We turn now to the matter of relating the remaining physical variables with
these parameters. From Eq. 5, the velocity © can be written as

ar
u(r,t) = - U(g). (32)
With the above assumptions, the following expression obtains:

u(r, t*) = a )L UE). (33)

Also from Eq. 5, the product of the modified Griineisen coefficient and the
temperature, G T, is given by
ar

CT(rt) = (7)2 o). (34)

11



Since the quantity (y —1)e equals the product G7', we have that the specific
internal energy can be expressed as

ary?
ert)= (%) 0/ (r-1) . (35)
Using the similarity solution together with ¢* and the value of » given by Eq, 24,
one can calculate the value of e using the above equation. Combining this
result with Eq. 26 for the density, we can express the pressure p as the product
(v—1)pe, ie., as y—1 times the product of Egs. 26 and 35. Additionally, from
Eq. 9 the heat flux can be computed in terms of quantities already specified.
We have described in this section the parameters needed to relate a similarity
solution to a physical solution, as well as methods to obtain these parameters in
two different cases. In §4.3 we use the first- method to determine the appropriate
similarity solution to compare with a given hydrocode calcuation. In §4.4 the
second method is used to assign a similarity solution and determine the input
for a corresponding hydrocode calculation. In the next section, we examine the
ODE solutions alone.

4.2 Comparison with Published Results of RMtV

As previously indicated, the published regults of RMtV for this case contain only
nondimensionalized similarity values, We provide in Fig. 1 plots of temperature,
density, heat flux, and velocity, all nondimensionalized in a manner equivalent
to that of RMtV. The abscissae in these figures are all the positions nondimen-
sionalized by the shock position. This figure exhibits appropriate qualitative
agreement with Fig. 3 of Ref. [12]. We turn next to other cases, however, to
quantitatively gauge the degree of agreement between solutions.

4.3 Comparison with Published Results of Shestakov

For a quantitative comparison, we refer to the work of Shestakov [17], who
presents numerical results of hydrocode calculations. In Fig. 4 of Ref. [17],
nondimensional results are plotted at simulation time ¢ == 0.05145 for the case
with (Eq. 4 of Ref. [17]) :
go=xo=G=1. (36)

In this section, we compare results of the RMtV equations with RAGE calcula-
tions of this scenario.

Shestakov categorizes his results in terms of the total energy associated with
a given configuration. Specifically, for the case in Fig. 4 of Ref. [17], the time is
t = 0.05145 and the total energy is & = 235. Recall that this problem consists
of an initially quiescent, cold gas of a prescribed density distribution, which
evolves under the influence of the finite (total) energy source initially concen-
trated at the origin (& la the celebrated problem of Sedov [15]). The relation

12
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Figure 1: Results of the integration of the RMtV equations for the strong-
conduction blast-wave case. These results are to be compared with Fig. 3 of
Ref. [12]. The upper left shows the temperature; the upper right shows the
density; the lower left shows the heat flux; and the lower right shows the velocity;
all quantities are nondimensionlized as in Ref. [12]. All values are plotted against
location nondimensionalized by the shock position.
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between the similarity solution and the total energy is given in Egs. 30 and 31.
The integral in the latter can be evaluated numerically with the computed values
of the similarity variables using Simpson’s rule on the interval £, &] U [€s, &7,
together with a trapezoidal approximation on the interval [0,&.], where £, is
the near-origin point required for the numerical integration.

Prior to obtaining the similarity solution of the RMtV equations, several
parameters must be specified. We use the first method discussed in §4.1 to
accomplish this task. The values of a, b, and ~ are the same as in Eq. 17,
so that the values of o, ¢, k, and p are identical to those in Eq. 18, We
set the nondimensional shock position to be unity, i.e., £ = 1. In this case,
however, we must also specify the nondimensional heat front position (which is
not identically two as in the RMtV case of the previous section). To do so, we
must determine the ratio of the heat front location to the shock location (since
€, = 1). Shestakov reports a value of 2.01 for this quantity in Table 1 of Ref. [17].
For a (hopefully) more precise value, we ran a series of three RAGE calculations,
each with the same total energy (& = 235) but with different grid resolution,
and infer the shock and heat front positions from these calculations at the same
simulation time, viz., t = 0.05145.! We determine “converged” values for the
shock and heat front positions by using these computed values together with
the Ansatz that the converged values (superscript-+) of the front positions are
related to the values computed numerically with N zones (subscript-IV} by the
relation

r*=ry+A (A7) 4o (37)

From this relation, one can show [9] that the convergence rate 7 and the coef-
ficient A are given as

o= log [(rm = 7e) / (rf = Tm)] ’
logs
. rf=2rmtre
S o

where the subscripts ¢, m, and f refer to the coarse-, medium-, and fine-grid
solutions, respectively, and ¢ is the uniform ratio of the medium-to-coarse grids
and fine-to-medium grids, which equals two in the present case (i.e., 1600/800 =
3200/1600 = 2). The results of this analysis are documented in Eq. 39, which
shows the number of gridpoints in the RAGE calculation N, the interpolated
shock position r; {(corresponding to p = 10, which is near the foot of the shock),
the interpolated heat front position r; (corresponding to T = 0.5, which is near
the foot of the heat front), as well as the corresponding convergence rate 7 and

! Accurate determination of discontinuity positions in numerical calculations is a nontrivial
prablem. At the suggestion of W. Rider [13], we have found that using the abscissa corre-
sponding to a fixed ordinate value near the foot of the discontinuity proved to be a reliable
method.
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Parameter Description Shestakov Values

t* Simulation Time 0.05145

Ty Physical Shock Position 0.442618

&, Similarity Shock Position 1.0

Tf Physical Heat Front Position 0.890807

& Similarity Heat Front Position | 2.01259

¢ Similarity Scale Factor 3.45260

pr Heat Front Density 1.27647

9 Density Scale Factor 1.0

Bo Nonlinear Bigenvalue 7.2433605 x 107
Eo.h Hydocode Total Energy 235.000
Ege RMtV Total Energy 221.973

Table 3: Parameters determined for the Shestakov problem. This table sum-
marizes the parameters used for the solution of the similarity problem and its
subsequent comparison with the hydrocode solution.

coefficient A.

N Ty ‘ Ty
800 0.444254 0.897981
7s = 1.00176 7 = 0.693540
1600 0.443435 = A, = —1.32430 ° 0.893550 = A; = ~0.730878 °
3200 0.443026 0.893550
(39)

Using these results and the assumption in Eq. 37, we infer converged values
of the shock front and heat front to be

rs = 0.442618 and 7; = 0.890807 so that &;/¢, =2.01259.  (40)

Thus, we seek a solution of the RMtV equations with £, =1 and §f = 2.01259;
to do so, we must determine the value of fy that leads to a solution with
the appropriate (non-divergent) behavior as ¢ — 0f. We find that [y =
7.2433605 x 107, which is close to the value (7.197534 x 107) found for the
RMtV case with ¢y = 2. Additionally, we prescribe, as did Shestakov, that
go = 1, which determines the density at the heat front. For these parameters,
the corresponding total energy is 221.973, which is approximately 5.5% less
than the Shestakov and RAGE value of 235. The values used in this exercise
are compiled in Table 3.

There are two important points regarding the setup of the corresponding
hydrocode calculations. First, the congruence between the hydrocode units
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and the values output from the scaled ODE solution must be established. As
was pointed out by M. Clover [3], the hydrocode used by Shestakov has units
consistently formed from the base units of time in shakes (107% s), mass in
grams, distance in centimeters, and temperature in keV, while RAGE has units
consistent with the base units of time in seconds, mass in grams, distance in
cm, and temperature in eV. One must properly scale these values to compare
results with the ODE solutions. Second, the initialization of the hydrocode
density must be made using cell-averaged values, not point-density values. This
means that the cell-centered densities are not equal to the point-density values
of Eq. 26; rather, the value of the density in a cell must be assigned as mean
density, i.e., as the mass of that cell divided by its volume:

pi =MV, where M;= | dV(x)p(x) and Vi= [ dV(x). (41)

Xmin Xmin

For the 1D, spherically symmetric (n = 3) case at hand, these expressions
become:

Tit1/2 Tit1/2
M, = / (4w r?dr) p(r) =4n gO/ drr2te

Ti-1/2 Ti-1/2
dmgo ( a3y 3+
= My o= = (rlp —rtr,) and
Tit1/2 VY d 3 .
Vi = / (4mridr) = = (7'1'+1/2 - r?_1/2>
Ti-1/2
R REWS
a0 T -t
= p = o Tit1/2 i—-1/2 . (42)
34+k 13 — 73
i+1/2 "~ Tie1/2

These cell-averaged values differ nontrivially from the point values near the
origin and approach the point values as r — oco.

Figure 2 shows the results for this case. Depicted are dimensional results
. of the RAGE calculation (solid lines) and the RMtV solution (dashed lines) for
temperature, density, pressure, and velocity, all plotted against the left axes,
as well as the absolute differences between the solutions {dotted lines), plotted
against the right axis. The mean absolute differences for these variables com-
piled in Table 4. The differences manifest in the temperature and pressure are
comparable to the difference in total energy between the calculated and exact
cases. The density, however, exhibits a notably smaller discrepancy.

These results indicate the sensitivity of the solution, expressed in physical
variables, of the RMtV equations. In setting up this problem, the act of inferring
the shock and heat front positions introduced sufficient error to provide the
~ 5% discrepancy in error between a given hydrocode result and the (nearly)
corresponding RMtV solution. In the next subsection, we discuss an alternate
method for comparison of such solutions.
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Figure 2: Results for the Shestakov problem of Fig. 4 of Ref. [17]. The solid lines
are the RAGE results with 3200 points on (0, 1); the dashed lines are the RMtV
results at the same locations as the hydrocode results; the dotted lines, plotted
against the right axes, are the absolute differences between the solutions. The
upper left shows the temperature; the upper right shows the density; the lower
left shows the pressure; and the lower right shows the velocity.
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Variable v Temperature | Density | Pressure | Velocity
(1/N) >, lve — vpli/vesi 6.0% 0.3% 6.1% 3.4%
(1/N) 3>, ve — vali 0.185 0.0218 1.373 0.0419

Table 4: Mean physical variable errors hetween hydrocode (k) and exact (e)
RMtV solutions for the Shestakov problem. The first row gives the mean relative
errors, while the second row gives the L; errors. These values were computed
using all values between the origin and the heat front.

4.4 Comparison with RAGE Results

In this subsection, we use the second method for comparing similarity and phys-
ical solutions. We prescribe the constraints on and obtain the solution to the
RMtV equations, and compare those results at a known time to a hydrocode
solution with a specified total energy.

We consider a case similar to that considered in the previous two sections.
We assign the conductivity parameters a and b and the polytropic gas constant
v as in Eq. 17, so that the parameters «, o, k, and g are the same as in Eq. 18.
Additionally, we set xo = G = 1.

Unlike the previous case, we first obtain a solution to the RMtV equations.
For such a solution, we prescribe the nondimensional shock position to be unity
and the nondimensional heat-front position to be two. With these values, we
obtain the similarity solution, and determine the corresponding value of the
nonlinear eigenvalue [y concomitantly. By our choice of parameters, this value
is the same as in §4.2: By = 7.197534 x 107. This parameter constrains the
similarity scale factor to be ¢ = 3.5196 by Eq. 29, which, in turn, scales the
total energy to be & = 234 by Egs. 30 and 31. We additionally assign the
heat front position to be ry = 0.45. This assignment implies that the physical
shock position is £, = 0.9 and constrains the corresponding physical time to
be t* = 0.0512512 by Eq. 25. The values used in this problem are compiled in
Table 5.

We ascertain that this is a converged solution by examining the total energy
associated with RMtV solution calculated at different grid resolutions. The
values cited in the previous paragraph are based on 3200 grid points on (0,1).
By solving the RMtV equations with the same parameters on grids of 800 and
1600 points, and using Eqgs. 37 and 38, we obtain the following convergence
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Parameter Description RAGE Values
t* Simulation Time 0.0512512
&s Similarity Shock Position 1.0
Ts RMtV Physical Shock Position 0.45
Ts RAGE Shock Position 0.443
£r Similarity Heat Front Position 2.0
Tf RMtV Physical Heat Front Position | 0.9
Tf RAGE Heat Front Position 0.883
Ty RAGE Heat Front-to-Shock Ratio 1.994
¢ Similarity Scale Factor 3.51961
P Heat Front Density 1.24911
do Density Scale Factor 1.0
Bo Nonlinear Eigenvalue 7.197534 x 107
& Total Energy 234.209

Table 5: Parameters determined for the hydrocode problem. This table sum-
marizes the parameters required for the solution of the similarity problem and
its subsequent comparison with the hydrocode solution.

parameters for the energy of the RMtV solution:

N &o
800  234.201
T = 0.736966 (43)
1600 234.206 =, | s93405

3200 234.209

Using these results and the analogue of assumption in the Eq. 37, we infer
the converged value of the RMtV energy to be & = 234.214, which differs by
0.002% from the value listed in Table 5, which was used in the corresponding
hydrocode calculation.

With this information, we set up with the appropriate initial energy source
and density distribution for the corresponding hydrocode calculation. At the
prescribed simulation time, the solution to the hydrocode calculation can be
directly compared to the appropriately scaled solution to the RMtV solutions.
Results for this case are depicted in Fig. 3. Shown are dimensional results of
the RAGE calculation (solid lines) and the RMtV solution (dashed lines) for
temperature, density, pressure, and velocity, all plotted against the left axes,
as well as the absolute differences between the solutions (dotted lines), plotted
against the right axis; these results are plotted to the same scales as in Fig. 2.
It is clear from these plots that there is a discrepancy in the heat front and
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Figure 3: Results for the hydrocode test problem described in the text. The solid
lines are the RAGE results with 3200 points on (0, 1); the dashed lines are the
RMtV results at the same locations as the hydrocode results; the dotted lines,
plotted against the right axes, are the absolute differences between the solutions.
The upper left shows the temperature; the upper right shows the density; the
lower left shows the pressure; and the lower right shows the velocity.
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shock locations, with the hydrocode positions trailing the RMtV results. This
mismatch in position implies relatively large absolute errors in the post-shock
region for the density and velocity. The temperature errors are relatively small
away from the discontinuities; however, near the discontinuities, the absolute
temperature errors are significant. To quantify these differences, we provide in
Table 6 the mean absolute differences over the entire domain for the plotted
variables.

Away from the discontinuities the temperature difference is obviously less
than in the previous case (cf. Fig. 2); however, near the discontinuities in gen-
eral and the heat front in particular, the large discrepancies presumably due
to apparent timing mismatches imply significant overall mean error, Despite
this temperature disagreement, the relative total energy difference between the
hydrocode result and RMtV solution is less than 107, unlike the previous case,
in which the mean temperature difference was comparable to the total energy
difference. Comparing Figs. 3 and 2, one observes that the absolute density and
velocity differences are significantly greater than in the previous case, whereas
the velocity difference is comparable.

To further quantify the RAGE solution, we follow the process (outlined in
the previous section) by which “converged” positions of the shock and heat
front are inferred. Using Eqgs. 37 and 38, we obtain the following convergence
parameters for the present calculations, run on meshes of 800, 1600, and 3200
zZones:

N Ts Ty
800 0.444118 0.889959
Ty = 197478 Tr = 0.546215
1600 0.443324 = A, = —575.816 0.887879 = Ay = —0.254316 °
3200 0.443122 0.886454

(44)
Using these values, we infer the hydrocode-implied “converged” values of the
shock and heat front positions as:

re = 0.443053 and ry =10.883356 sothat r¢/r, =1.993796. (45)

Variable v Temperature | Density | Pressure | Velocity
(1/N) >, [ve — vnli/Ve,i 12.6% 4.2% 6.9% 5.6%
A/NY S, [ve — vnls 0.267 0759 | 3.022 | 0.0772

Table 6: Mean differences in physical variable between hydrocode (h) and ex-
act (e) RMtV solutions for the hydrocode problem. The first row gives the
mean relative errors, while the second row gives the L errors. These values
were computed using all values between the origin and the heat front.
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These values differ from the exact values of 7, = 0.45, ry = 0.90, and 7y /r, =
2.0 by approximately 1.5%, 1.8%, and 0.31%, respectively. Recall that, despite
these discrepancies, the relative difference in total energy between the RAGE
and exact RMtV solutions is less than 1076,

We now address the global convergence of the RAGE calculations. For any
flow variable V computed at a given uniforin grid spacing Az, the funda-
mental Ansatz of convergence analysis is that the difference hetween the exact
and computed solutions can be expanded as a polynomial function of the grid
spacing:

VF V= A (A + o((A:ci)") , (46)

where V* is the eract value, V; is the value computed on the grid of spacing
Az, A is the convergence coefficient, and 7 is the convergence rate (cf. £q.37).
Using the solution on three different grids, related by a uniform mesh ratios,
one obtains the results given in Eq. 38, viz.,

log [(Vm -Ve)/ (Vf - Vm)]

- ¥

logc¢
. Vf - 2Vm. + Vc (47)
(Az)” (7 -1)27

where the subscripts ¢, m, and f refer to the coarse-, medium-, and fine-grid
solutions, respectively, and ¢ is the uniform ratio of the medium-to-coarse grids
and fine-to-medium grids. To apply these results computationally, the data on
the medium and fine grids must be averaged onto the coarse grid. For the results
presented herein, the ratio of grid sizes is two, and the following procedure was
applied: the means of the two bracketing values of the medium solution and
the four bracketing values of the fine solution were calculated and used as the
cell-averaged values at the corresponding coarse gridpoint. For example, using
density as the variable of interest and assuming the coarse grid has N points,
values from the medium-grid solution, pi7*, ¢’ = 1,...,2N, are interpolated to

the value pf~™ at locations x;, i = 1,..., NV, on the coarse grid as

o1
i =5 (Phi PR (48)

and values from the fine solution, p{, i=1,...,4N, are interpolated to the

locations ptf

X at the corresponding position on the coarse grid as

1
Pl = Z(pt{i—~3 P + Pl + 04) - (49)

These values are used in Eq. 47 to determine the pointwise convergence charac-
teristics.
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With the pointwise convergence rates, a mean convergence rate over the
entire domain is constructed by taking the arithmetic average of the (local)
convergence rate at each gridpoint, i.e.,

?:%Zi:n, (50)

where 7; is the asymptotic convergence rate computed at gridpoint z;, i =
1,...,N. We indicate the total number of points in this average as N not
as N, for the reason that all points on the computational grid might not be
used in the evaluation of the mean pointwise convergence rate. For example, if
the numerical values of the cell-averaged quantities from the fine and medium
meshes are identical, then the expression for 7 in Eq. 47 either diverges (if those
values do not equal the value on the coarse mesh) or is undefined (if all values
are identical). Similarly, the computed value of the argument of the logarithm
in the numerator of Eq. 47 could be negative, leading to an imaginary value for
7. We include only well-defined pointwise convergence rates in Eq. 50 and find
that, in general, N £ N.

The asymptotic convergence rate can also be computed with a global quan-
tity. For example, the convergence rate for the norm of a computed quantity
over the entire grid is given as

- You e~ &ll/ ey = mll] 1)
logg '
where || - || denotes any consistent norm. For the global rates, we compute the

Ly, Ly, and L, norms in Eq. 51; using density as the variable of interest and
the difference between values on the medium and coarse grids, these norms are
defined as

1
p™ — ol = Nglpi”—pﬂ, (52)
m C — 1 7T C2
o™ = pflle =[5 D ole =] (53)
i
o™ = ol = max{ [0 = o]}, (54)

where NV is the number of gridpoints, and p* and pf{ are the density at z;
computed on the medium grid (interpolated to the coarse grid) and coarse grids,
respectively. For the global convergence rate based on norms, all of the points
in the domain of interest are perforce included in the evaluation of the norms,
and, therefore, in the evaluation of the convergence rate. It is possible (though
unlikely) that one or both of the norms in the numerator of the RHS of Eq. 51
could equal zero; in such a case, the convergence rate is undefined.
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For the problem at hand, we computed the RAGE solution to this problem on
grids containing 800, 1600, and 3200 points on (0,1). Following the procedure
outlined above, both the local (pointwise) and global convergence rates were
computed. Details of the final time convergence analysis are shown in the plots
of Fig. 4, which contains results for the density, temperature, pressure, and
velocity from top to bottom. The left column of this figure contains plots of the
hydrocode results, with the 3200 point calculation as a solid line, the 1600 point
calculation as a dashed line, and the 800 point calculation as a dotted line; these
lines are virtually indistinguishable in these plots. The center column of Fig. 4
has plots of the absolute difference between the 800-point calculation and the
3200-t0-800 (solid line) and 1600-t0-800 (dotted line) interpolants. The plots
in the right column show the pointwise convergence rate; in these plots, only
values between +4 are plotted, and the abscissae corresponding to zero-values
of the ordinate are not included in the mean pointwise convergence rate.

These plots show that, although the calculations converge in “the viewgraph
norm” (left column), there is significant variation in the pointwise convergence
properties (right column). Extreme convergence rates (i.e., very high/very low
convergence values) are not unexpected in the vicinity of discontinuities, where
slight mismatches in position can imply extreme differences in values. Away
from the discontinuities, the convergence rate for the density and pressure show
greater high-wavenumber variation than that of the temperature, which, as a
diffusion-dominated property, is much smoother; the convergence rate between
the origin and the shock for the temperature is approximately two. The mean
convergence rate is greately influenced by its value between the shock and the
heat front, which hovers around one-half for all variables shown.

The mean pointwise and global convergence rates are summarized in Table 7.
Perhaps the most standard of these measures is the global Ly norm, for which
convergence rates are on the order of one-half in density and pressure, and
slightly lower for temperature and velocity. The one-half value is consistent with
what one might expect from solution of conduction-dominated phenomena.

Convergence Rate | Temperature | Density | Pressure | Velocity
T 1.224 0.2242 0.5463 0.8064
TL, 0.7496 0.3892 0.3911 1.253
Tr 0.3976 0.5524 0.5522 0.3249
TLew -0.02745 0.08944 | 0.07613 } -0.00913

Table 7: Final-time mean RAGE convergence rates for the hydrocode prob-
lem. For the calculations using 800, 1600, and 3200 points on the unit interval,
listed are the mean pointwise, Ly, L2, and Ly convergence rates at the final
calculation time for temperature, density, pressure, and velocity.
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Figure 4: Final hydrocode convergence rate results for the hydrocode test prob-
lem. See text for details.
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5 Conclusions

In this note we have presented the system of ODEs put forth by Reinicke &
Meyer-ter-Vehn [12] for the problem of self-similar, one-dimensional, compress-
ible hydrodynamics with heat conduction. We have considered solutions to these
equations for the spherically symmetric case of a blast-wave-like problem with
an initial concentrated energy source of sufficient magnitude so that conduction
dominates advection, with the thermal front leading the hydrodynamic shock.

The procedure for solving these equations has been outlined, and qualitative
agreement of the solution with the published results of RMtV {12] has been
claimed. We then compared solutions of the RMtV equations with calculations
performed witli the RAGE hydrocode. When compared with the published
problem of Shestakov [17], for which the physical (hydrocode) solution was
given and used to infer parameters for calculating the corresponding RMtV
solution, the relative error between the “exact” (i.e., RMtV) and calculated
(i.e., RAGE) temperatures was approximately 5%, which is comparable to the
discrepancy in the total energy for these two solutions. The errors in the other
physical variables were comparable, although somewhat less. The setup and
analysis of this problem demonstrates the sensitivity of the RMtV solution as
an a posteriori check of a given hydrocode calculation.

We also showed how to use the RMtV solution as an a priori verification
test problem. A solution of the RMtV equations was obtained for a specified
problem. These results were used to determine the total energy, which is re-
quired to set up a corresponding hydrocode calculation, and the time at which
to compare solutions. The hydrocode solutions were shown to converge in the
mean, L,, and Ly norms. The total energy and timing of the hydrocode and
RMtV solutions differed by less than one part in 108; nonetheless, the positions
of the calculated discontinuities were shown to converge to values that lagged
the corresponding “exact” locations. This mismatch appeared to contribute sig-
nificantly to the discrepancy between the solutions. The relative error between
the exact and calculated temperatures in this case was approximately 12.6%
and was dominated by differences near the heat front; the errors in the density
and velocity variables were comparable, although somewhat greater.

This investigation suggests that, although the RMtV problem gives an “ex-
act” solution to a programmatically relevant multiphysics problem, the exact
comparison of the RMtV solution with corresponding hydrocode calculations is
not straightforward. It would be of interest to investigate the weak conduction
case, in which the hydrodynamic shock leads the heat front, to see if similar
sensitivies are present in that regime.
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